The absence of a rigorous proof of the existence of dynamically stable, large-scale magnetic fields in radiative stars has been for many years a missing element in the fossil field theory for the magnetic Ap/Bp stars. Recent numerical simulations, by Braithwaite & Spruit and Braithwaite & Nordlund, have largely filled this gap, demonstrating convincingly that coherent global scale fields can survive for times of the order of the main-sequence lifetimes of A stars. These dynamically stable configurations take the form of magnetic tori, with linked poloidal and toroidal fields, that slowly rise towards the stellar surface. This paper studies a simple analytical model of such a torus, designed to elucidate the physical processes that govern its evolution. It is found that one-dimensional numerical calculations reproduce some key features of the numerical simulations, with radiative heat transfer, Archimedes' principle, Lorentz force and Ohmic decay all playing significant roles.
I N T RO D U C T I O N
A minority of main-sequence stars of a few solar masses possess strong surface magnetic fields, typically between about 10 2 and 10 4 G. Unlike the magnetic fields that seem to be present in all main-sequence stars of about a solar mass or less, the fields of these 'magnetic Ap/Bp stars' are of global scale and show no intrinsic variability. These more massive stars have envelopes which are mainly in radiative equilibrium, whereas main-sequence stars of around a solar mass or less possess deep convective envelopes, which can host large-scale dynamos, building fields with manifestly irregular variations. In contrast, the average line-of-sight field of an Ap or Bp star does vary, but regularly, on what is now established to be the rotation period. This led to the 'oblique rotator' model, in which a large-scale field, fixed in the frame of the star and with an approximate axis of symmetry inclined to the rotation axis, undergoes a rigid rotation with the star (Stibbs 1950; Deutsch 1958; Preston 1970 ). This field is supposed to have been present from early in the star's evolution, either as a relic of the field present in the interstellar medium that was subsequently trapped and compressed during star formation or perhaps as a relic of a field generated by a dynamo that operated in a deep convective envelope during premain-sequence evolutionary phases. (There is a sub-class of the Ap/Bp stars, the roAp stars, whose members display low-amplitude oscillations, with associated minor field variations, but these can be accommodated in the general picture presented here.) E-mail: leon@mestel.fsnet.co.uk (LM); moss@ma.man.ac.uk (DM) For a number of years an alternative explanation in terms of a magnetic field generated by a contemporary steady dynamo in the convective core was advanced, in particular by the Potsdam group (e.g. Krause 1971; Krause & Oetken 1976) , but the observational evidence now available seems conclusively to rebut this explanation (e.g. Donati & Landstreet 2009 ). Theoretical difficulties with the core-dynamo theory were summarized by Moss (1989) .
However, there is one key requirement for this 'fossil field' theory to be viable: the fields must be stable over time-scales as long as the age of the host main-sequence stars. In practice, this requires time-scales O(10 8 -10 9 ) yr. It has been known for many years that both purely poloidal and purely toroidal fields are dynamically unstable, i.e. they will not survive for significantly longer than an Alfvèn crossing time (e.g. Markey & Tayler 1973; Tayler 1973) . Linear analysis showed that a combination of poloidal and toroidal fields would be less unstable and suggested that configurations with suitable linked field topology could be stable (Wright 1973; Tayler 1980) . This rather uncertain situation persisted for a number of years, but was significantly improved by the work of Braithwaite & Spruit (2004) and Braithwaite & Nordlund (2006) . Using global-scale direct numerical simulations (DNS), they demonstrated that more-or-less arbitrary initial magnetic configurations in a gravitating compressible sphere evolve through an initial period of dynamical instability to form a magnetic configuration that is dynamically stable. In this state, most of the magnetic field was found to lie in the form of a 'magnetic torus', with poloidal field lines wrapped around the toroidal field, gratifyingly consistent with earlier suggestions. This magnetic field subsequently evolves on a secular time-scale, with the torus rising towards the surface of the sphere. The time-scale of rise was identified by the authors as a global Ohmic time-scale and thus long enough to be consistent with the observed magnetic Ap/Bp star phenomenon.
The initial work, summarized above, concentrated on axisymmetric or nearly axisymmetric configurations. Later work (Braithwaite 2008 ) extended this, and inter alia demonstrated that stable nonaxisymmetric states could be found.
This work was very welcome, plugging an embarrassing gap in the logic of the fossil theory. The results of these demanding numerical simulations are generally satisfactory, but call for a detailed elucidation of the roles of the competing physical processes. In particular, the suggestion that the rise of the magnetic field is predominantly an Ohmic phenomenon appears unlikely. In linear theory, an arbitrary magnetic field will evolve towards its lowest eigenstates which for both poloidal and toroidal components are concentrated deep within a polytropic sphere (e.g. Cowling 1945; Wrubel 1952 ). This conclusion does not change significantly if configurations with linked poloidal and toroidal fields are considered (e.g. Mestel & Moss 1983; Moss unpublished) . The reported rise of the magnetic torus to the surface is clearly at odds with this expectation. The work of Braithwaite (2007) confirms that a purely poloidal field is dynamically unstable and that as it decays, it does indeed evolve towards a structure with neutral lines deep within the star, consistent with evolution towards the lowest eigenstate. We have therefore studied a simple analytical model, assuming axisymmetry throughout, with the aim of identifying and clarifying the dominant processes operating. [We note that, in a later paper, Braithwaite (2008) does suggest that thermal buoyancy plays a role, to an extent anticipating some of our conclusions.]
THE MODEL

A magnetic torus
We adapt the flux-tube model discussed in Weiss (1964) , with some changes in notation. The spherically symmetric radiative envelope of an early-type star has density ρ 0 (r), temperature T 0 (r), pressure p 0 (r) and radial gravitational field g 0 (r). Deep in the envelope let there be a thin flux tube of circular cross-section R T , forming a torus with its axis a circle about the star's centre, lying in the equatorial plane and with its major radius r R T . At any point within the tube, take local plane polar coordinates (R, θ) centred on the torus axis and φ the usual azimuthal coordinate. The field adopted has the simple form with the poloidal part B p having just the θ -component B p (R) and the toroidal component B t = B φ (R)t, with t being the unit toroidal vector. Outside R = R T , the field is assumed negligibly small. For a thin tube, the contribution of selfgravitation will be small, so that the condition of local equilibrium is −∇p + (∇ × B) × B/4π = 0, equivalent to the balance of the sum of the thermal and magnetic pressure gradients by the magnetic curvature term
whence
where p 0 ≡ p 0 (r) is the ambient pressure at the stellar radius r. Integration by parts shows that the mean value of M(R) over
i.e. equal to the mean value of B φ , but independent of B p . Adopt the magnetic field with the simple structure
with B 0 being a constant and both B p and B φ zero for R > R T .
There are poloidal and toroidal surface currents on R = R T that maintain the jump from finite to zero B across R T . From (2), the discontinuity at R T in the total magnetic pressure requires the associated discontinuity in p. The total poloidal and toroidal fluxes are
Substitution into (2) and (3) yields
It is convenient to relate B φ and B 0 by writing B φ = KB 0 , so
and (6) and (3) become 
Suppose the thin torus were replaced by a cylinder, with infinite radius of curvature. The Maxwell stresses exerted by the field, integrated over a cross-section of the thin flux tube, then yield a tensioñ
This magnetic perturbation to the local p 0 /ρ 0 g equilibrium requires the excess pressure [p(R)−p 0 ], equivalent to a tension [p 0 −p(R)]. Integrated over a cross-section, in addition to the direct Maxwell term (10), there is the thermal term
from (2) and (8), whence the total tensionT = (4K 2 − 1)B 2 0 R 2 T /16. Now give the cylinder the radius of curvature equal to the radius r of the axis. The net outward-directed magnetic force per unit length is then
For (12) to be positive (see below), we require K < 0.5. From (9), this yields E p /E t > 2.
Dynamical buoyancy
Let the torus initially be at radius r i . Consider first the special case with the torus temperature uniform and equal to the ambient temperature T 0 (r i ). Equations (2) and (3) then imply a density ρ(R) in 0 < R < R T which is non-uniform and with a mean value less than the ambient density ρ 0 (r i ). Now introduce the local gravitational field g(r i ). By Archimedes' principle, there is an initial net upthrust per unit length of the torus:
where μ is the mean molecular weight, assumed constant. Thus, the torus as a whole is subject initially to this positive Archimedean upthrust (13) -an indirect effect of the Lorentz force. The direct effect (12) of the Lorentz force is for the moment ignored. As the torus is driven upwards, the internal pressure will respond adiabatically to the changing density. We approximate by assuming that the field retains the same simple structure as in (4), but that in this first stage there is no Ohmic leakage, so that both the fluxes F p , F t and the mass m in the torus are conserved. The rising torus will steadily adjust so as to be in near-dynamical equilibrium, given by (1). The torus radius and the mean torus density are, respectively, written as R T (r) andρ(r). Thus,
and
During the rise, adiabaticity is applied as an integral condition: when the torus reaches radius r, the mean thermal pressure is related to its mean density bȳ
with γ ≈ 5/3. Models of main-sequence stars in the mass range of the Ap/Bp stars find that the radiative envelope is fairly well approximated as a polytrope of index n ≈ 3 (e.g. Schwarzschild 1958 ), so at height r the ambient pressure may be taken as
(17) When the torus axis has reached the radial distance r, take the mean of the balance condition (2) over the torus volume, i.e. multiply by 2πR, integrate over 0 < R < R T (r) and then divide by πR 2 T (r), yielding by (9) and (6)
Initially, at r = r i , when by hypothesis the internal and external temperatures have the same value T 0 (r i ), this is conveniently written as
where
. (20) (The parameter is seen to be roughly the inverse of the plasma physicist's β.) For the moment, continue to ignore the direct magnetic term (12). The limit r f of this non-dissipative buoyant motion is then reached when ρ 0 (r f ) =ρ(r f ). With use of (14)- (17), (19) and (20), writing r = r f in (18) yields
The parameter will normally be small, so one can write
where X ≡ dX/dr. Hence,
for γ = 5/3, n = 3. In terms of the Lane-Emden function u(z) for the n = 3 polytrope (e.g. Eddington 1926, p. 83) , − (z) = −3zu /u, where z is the radial coordinate, with 0 ≤ z < ∼ 6.9. Typically, at z = 4, − = 6.8, and even if has the improbably large value 0.1, η = 0.077 1.
Archimedean/Lorentz balance
It is seen that with appropriate parameters, the Archimedean upthrust -standard dynamical buoyancy -will vanish after the torus has moved a small fraction of the radial extent of the subadiabatic, radiative envelope. The equality of internal and external densities at r f then implies thatT (r f ) < T 0 (r f ), so there will be radiative flow of heat into the torus, maintaining a small Archimedean upthrust which attempts to drive a slow, essentially non-adiabatic motion (see below). However, account must be taken of the direct effect of the Lorentz force, given in our model by (12). In most of the subsequent work, a direct magnetic upthrust is assumed, with K < 1/2. (Cases with magnetic downthrust are discussed at the end of Section 3.) In particular, we study models subject to the condition that the initial value K i < 1/2. K evolves according to (7), but for the moment, the fluxes F p and F t are assumed constant. Then at r f , the magnetic upthrust (12) remains active, driving the torus further, into a domain where now ρ > ρ 0 , so that the torus is subject to a negative Archimedean buoyancy. The upward motion is -temporarily -halted when this Archimedean downthrust and the magnetic upthrust balance, at the newly defined r f :
and from (17) and (20) with r i replaced by the new r f ,
The dependence of on r is made explicit, but the important point is that it is a small quantity. We suppose the torus remains at r over the time interval (t, t +δt), gaining heat by radiative transfer. Over δt, due to the heat inflow, the magnetic upthrust less the Archimedean downthrust steadily increases from zero. This is called step 1. After time δt, the heat flow is supposed cut off, and the torus is allowed to rise adiabatically to reach a new r f ≡ r + δr, where the vertical magnetic and the Archimedean terms again balance. This is called step 2.
Consider first step 1. At radial distance r, the mean local balance condition (18), correct to first order in , becomes
Equations (24) and (27) yield, to first order in ,
(The dependence of the various physical quantities on r is left implicit.) The radiative inflow of heat into the torus is
, with the local radiative conductivity λ being calibrated in terms of the stellar luminosity L = −(4πr 2 )λT 0 . The total heat inflow into the torus in time δt is then
With field freezing assumed in this first treatment, the poloidal and toroidal fluxes F p and F t are conserved. [For the moment, it is assumed that there is no Tayler instability, which would yield a spontaneous conversion of the toroidal flux into poloidal (Tayler 1973 ).]
In step 1, with the torus at r, the heat inflow causes an increase δR T in R T during the interval δt. The poloidal energy E p = F 2 p /8πr stays constant, but the toroidal energy E t = F 2 t r/4πR 2 T and the ratio K = (r/R T )F t /F p both decrease:
From field-freezing, the torus of volume V defined by r and R T has constant mass m = 2π 2ρ rR 2 T (cf. 14), so with r being constant (step 1),
Then (27) yields
From (29), the radiative heat supply is π H (K, r)Lδt/(−rT 0 /T 0 ), and work p 0 δV = (2mp 0 /ρ)(δR T /R T ) is done against the ambient pressure. The same poloidal and toroidal magnetic fluxes are spread over a slightly increased volume. As noted, the poloidal energy is unchanged, but the toroidal energy decreases as given by (29). In standard notation, the change in the thermal energy is δU = mC v δT = R/[μ(γ − 1)]mδT . The energy balance equation is then
where the presence of in the last term takes account of the change in the magnetic energy. With use of (27) and (32), and retention of just the dominant terms, (33) becomes
Recall that (34) gives the increase δR T during δt, when the torus is supposed stationary at r -step 1. In step 2, the dynamically driven motion is expected to re-establish the balance of the Archimedean and magnetic terms at r f , with (r f − r)/r 1, and in a time short compared with δt. Thus, a plausible approximate treatment is as stated -the gross rise of the torus is treated as a series of steps 1 and 2. The heat inflow occurs for time δt, with the torus supposed held at r and with an accompanying nearly instantaneous adjustment of R T so as to satisfy the local balance condition (18). At t + δt, when R T has increased to R Td , the heat inflow is supposed switched off, and the torus rises adiabatically, withp ∝ρ γ and again with instantaneous adjustment to (18), until r f is reached, where the vertical balance condition again holds. The dynamically driven rise to r f will have occurred by a time only slightly longer than δt. The radius r f is now the new r, and the procedure is continued.
During the rise, when the torus has reached r = r + δr, we write for the associated minor radius R Td + R T . Then from (14) (mass conservation),
and from the adiabatic rise condition
With use of (15) (flux-freezing), the horizontal balance condition (18) becomes 
-which fixesp(r, t + δt) -then yields
Refer now to (24). The left-hand side is the Archimedean downthrust density and the right-hand side the upward-acting magnetic force density divided by g, positive when K < 1/2, as assumed. As discussed, with the torus at r, equality is taken to hold at time t, but after heat inflow over the time δt, the now net upward force causes the torus to rise until the downthrust catches up with the magnetic term, at r = r f ≡ r + δr f . It is convenient to relate quantities at r = r i + δr at time t + δt to those at r at time t. Thus from (35), the downthrust density is
where as before = rρ 0 /ρ 0 . To construct the magnetic term, note that with flux conservation, from (7)
and -referring back to (24) and (25) -
( i is the initial value of .) The balance condition (24), holding at time t, then kills the zeroorder terms, leaving the equation for δr f :
Recall that (39) relates R T and δr and (34) relates δR T and δt in terms of the luminosity L and the perturbing parameter ; hence, (44) relates δr f and δt.
The equations simplify when terms of order higher than the first are removed. Substitution forp(r, t + δt) from (38) into (39) removes terms in F 2 t , yielding δr r
Similarly, since i is first order, (44) gives
so (dropping subscripts on r)
Thus, substituting for R T /R T from (45) into (47), and writing δR T /δt as dR 01 /dt, yields
With use of (14) in the form m = 2π 2 ρ 0 rR
so from (48)
In the non-dimensional form, writing the 'stellar' parameters as L * , R * , M * and taking units of time and pressure to be, respectively, GM 2 * /(R * L * ), GM 2 * /(4πR 4 * ), we then get for the torus rise rate dr dt
Similarly, the non-dimensional form of (49) is
The function H (K, r) defined in (28) 
Ohmic effects
The above study of steady upward motion through a series of states in the Archimedean/Lorentz balance may exaggerate the 'magnetic upthrust' through the neglect of slow Ohmic destruction of magnetic flux. The following, admittedly very special case does attempt to correct for this.
Ohmic diffusion leads in particular to loss of some poloidal flux into the torus axis. There will also be some spreading out by diffusion of toroidal flux, but with R T /r 1, the rate of direct loss of toroidal flux by contraction into the axis of symmetry of the whole system is expected to be significantly less than the rate of poloidal flux loss. For dynamical stability of the poloidal field, one needs a toroidal field of at least comparable strength (for a recent summary and study, see Braithwaite 2009 ). As a simple, illustrative example, we retain the step 1/step 2 procedure, and suppose that during step 1 after a Tayler-like instability, the system remains roughly axisymmetric with relation (25) continuing to hold, i.e. a slow leakage of poloidal flux is accompanied by the conversion of toroidal flux at the rate required to maintain (7) with the same value of K during this step.
Consider again step 1, with r being constant over the time interval δt, but R T increasing, due primarily to radiative heating. In time δt, let there be loss (δf )F p of poloidal flux by Ohmic diffusion, but accompanied by a conversion of toroidal flux c F t into poloidal flux:
subject by (7) to
From Ampere's law, the volume current density maintaining the poloidal part of the field (4) is j t = cB 0 /2πR T along the torus. Equating the rate of dissipation through the torus to the rate of decrease of the poloidal field energy from (9)
yields with use of (5)
where σ = σ 0 T 3/2 is the Cowling-Spitzer conductivity. The magnetic energy destroyed by the Ohmic diffusion will contribute to the heating of the torus, but it is anticipated and confirmed numerically that this will be small compared with the radiative inflow. The energy balance equation in form (34) has made use of (31), which depends on assuming constant mass within the torus. Again, it is anticipated that this remains a fair approximation within the relevant parameter range even when Ohmic diffusion is included. The main consequence of the Ohmic flux destruction and the associated Tayler instability then shows itself through the variation with time in the parameter .
The dimensionless equations describing the rise of the torus are now, from (48), (51), (52) and Ohmic loss (58),
the poloidal flux change, from (55),
and the toroidal flux change, from (56),
After each time-step, K is updated by
Also, at each time (equivalently, each value of r) we have B φ = F t /(πR 2 T ), to be used to update
A crucial quantity in the model is K = B φ /B 0 , relating the poloidal and toroidal fluxes F p and F t by (7) and the corresponding energies E p and E t by (9). For the model to be dynamically stable, it is anticipated that E t be comparable with or larger than E p . A recent study (Braithwaite 2009 ) finds the stability condition E p /(E p + E t ) < 0.8. For the present model, (9) then yields K 2 > 1/8. If, for now, we assume that there is initially a net upward magnetic force on the torus, then by (12) we require K 2 i < 1/4 and so, for consistency, we restrict K i to the range
In fact, from (51), the condition for rise of the torus is strictly H > 0, and so the upper limit on K is relaxed. However, if K > 1/2, then H < 1, and the problem is changed to one of the Archimedean upthrusts opposed by magnetic downthrust; see the end of Section 3.
R E S U LT S
We ran the model of Section 2 for a range of parameters estimated to correspond approximately to those appropriate to a chemically peculiar main-sequence star of 2 or 3 M . As noted above, the zero-order run of density and temperature are those of a polytrope of index 3. In equation (59), the Ohmic diffusion parameter C σ was usually taken to have the value 10 −5 . We give some illustrative results in Table 1 , mostly for K i = 0.2 and 0.4. The latter value lies in the middle of the range (64); the other does not satisfy the stability criterion, but is given for comparison, as it corresponds to nearly double the upward magnetic force. Unsurprisingly, the rise is more rapid for larger values of i (compare models 1-3) and takes longer when starting from a greater depth (cf. models 2 and 8). In cases with the smallest i , the rise stalls, essentially because the decay of the fluxes to near zero can occur during the longer rise interval. Models 6 and 17 in the table illustrate the sensitivity of the results to the value of C σ .
The total rise time τ f tabulated is defined as the time by which the sum of the calculated major and minor radii, respectively, r f and R Tf exceeds 1.02 R . Thus at τ f , the model assumes the torus to have broken through the surface. In reality, this predicted value is only formal, as the geometrical assumptions on which the model is based will earlier have ceased to hold. As noted, in cases with the smallest i , the system 'stalls', with the rise of the torus terminating before the surface is reached, at an estimated time again called τ f , and with the corresponding values r f , R Tf . In general, the radii r f , Table 1 . Representative results for the model described in Section 2. The notation is explained in the text. C σ = 10 −5 , except for models 16 and 17; these cases can be directly compared with model 14. Models 18-21 are cases in which the Archimedean upthrust balanced magnetic downthrust. Some models 'stall', because there the initial rise is so slow that the magnetic fluxes decay to very small values while the torus is deep within the star. In contrast, in model 17, Ohmic decay is unimportant. Note that in cases where stalling does not occur, r f and R Tf are found to be almost independent of i for given values of r i and R Ti (see e.g. models 2 and 3). Table 1 ).
R Tf are insensitive to changes in i for given initial torus radii r i , R Ti . We attribute this to the major changes in radii being caused by the recurring quasi-dynamical buoyancy, which of course is triggered by the ongoing reduction of the Archimedean downthrust through the slow radiative heat transport. Fig. 1 shows the evolution with time of F P , F T , K, H , r, R T and for a typical case, with K i satisfying both the stability criterion and the magnetic upthrust condition. The second panel shows clearly that K then stays within the range (64).
If we examine the coefficient p 0 /(rρ 0 g) of (1 − 4K 2 )/(2K 2 ) in definition (28) of H, it is found to decline from about 0.5 at radius 0.2 to about 0.1 at radius 0.6, i.e. the magnetic term is most important deep down. If, for example, K = 2.0, then H ≈ 0.08 at radius 0.2 and increases outwards towards unity at the surface, taking a value of about 0.80 at radius 0.6. The effect on the motion is to increase significantly the rise times, but to cause extra stalling only in a quite limited parameter range. Essentially, the residence time in hot layers with high conductivity is increased, but the total Ohmic decay is not affected so much. Models 18-21 of Table 1 give details of such motions with K i = 2.0. Model 18 can be compared directly with model 4, which has the same parameters apart from the value of K i , and similarly models 19 and 5 can be compared. Note that the asymptotic value of the factor (1 − 4K
2 )/(2K 2 ) for large K is −2 and that for very small values of r (< 0.1), H < 0, so if the initial location r i of the torus is in this region, rise will not occur. However, such small values of r i do not seem particularly likely, and such values of K are well outside of the stability range predicted by Braithwaite (2009) , so this behaviour may not be of physical interest.
D I S C U S S I O N
In the original Hayashi (1961) picture, a star with main-sequence radius R ms is supposed born with radius R (50−100)R ms . The condition that the surface optical depth -due largely to the opacity of the H − ion -should be near unity prevents the surface temperature falling below T Hay 4000 K. The consequent surface radiation loss far exceeds the Eddington estimate for radiative transport from within, so that all protostars are found to begin their pre-mainsequence lives as fully convective. This at least raises a question as to whether any of the local interstellar magnetic flux, identified as the origin of the fossil field initially trapped within the gas forming the protostar, could in fact survive tangling by the Hayashi convective turbulence with consequent Ohmic destruction. Moss (2003) investigated the possibility that the early formation of radiative cores in the more massive stars as they descend their Hayashi tracks might allow significant primordial flux to avoid such destruction. He concluded that the mechanism might be effective to at least some extent in stars with M > 2 M .
More recent models (e.g. Palla & Stahler 1993) have protostar formation by accretion on to a core with very much lower initial radii and luminosities. Low-mass stars, with M < 2 M , are still found to begin as fully convective. However, a star with intermediate mass ((2 ∼ 4) M ) has a radiative core within a convective envelope, so a primeval field, expelled from the convective envelope, and with comparable poloidal and toroidal components, can persist in the radiative core. In the approach to the main sequence, the envelope convection dies out, but the flux will now be expelled from the developing convective core into the radiative envelope.
Our interest in the issue was primarily motivated by the magnetic Ap/Bp star problem. White dwarfs and magnetic neutron stars have been long known to possess strong global-scale magnetic fields, and fields of up to about a kilogauss are now being detected on O stars (e.g. Petit et al. 2008) . All these objects have envelopes that are predominantly stable against convection, and so their fields cannot be maintained by a conventional contemporary dynamo. [Braithwaite & Spruit (2004) did address the magnetic white dwarf problem.] Thus, our analysis may also be applicable to the evolution of stable magnetic fields in these objects.
This then sets the scene for both the numerical work of Braithwaite et al. and the above analytical simulation. After the dynamical buoyancy stage (Section 2.2), the behaviour of our torus conforms to the 'Eddington-Sweet' prescription, as applied to a non-rotating magnetic star: the magnetic forces are balanced by departures from a spherically symmetric pressure-densitytemperature distribution, and the consequent radiative heat flow yields buoyancy-driven motions which drag the torus into a series of neighbouring states in the Archimedean-Lorentz balance.
Although most of our models are formally extended to times τ f at which the torus approaches the surface, and Ohmic effectspreviously modest -would increase, it is accepted that a realistic treatment of the geometry would need to be numerical. The computations by Braithwaite and collaborators do indeed predict that the torus -initially hidden from view -continues its upward motion, leading at first to an increase in the observable magnetic field. Ultimately, the poloidal currents that maintain the toroidal field, and are forced to flow nearly along the poloidal field lines, are found to pass through surface domains of low temperature and so high resistivity, leading eventually to an increase in the rate of their Ohmic destruction. And as a mixed poloidal-toroidal field structure is required for dynamical stability, the whole fossil magnetic field is predicted to become unstable and disappear, though apparently not in a time that conflicts with the main-sequence lifetime of an A star.
In summary, we do not claim to have produced a model of the rise of a stable magnetic field that is accurate in detail. We have, we believe, elucidated the important physical processes involved, in particular the role of quasi-dynamical buoyancy, fed by the 'dripping tap' of the Archimedean upthrust and mediated by the Ohmic decay. The importance of the latter is emphasized by the sensitivity of the results to the value of C σ (equation 59, Table 1 ).
T H E E F F E C T O F ROTAT I O N
Over the years, there have been a number of complementary studies of the structure of rotating magnetic stars, with special emphasis on the low-density regions near the surface [see Section 9.4 of Mestel (1999 Mestel ( , 2003 , and references therein, especially Moss (1984 Moss ( , 1990 ]. The approach has been to look for steady or quasi-steady states, usually in the presence of the thermally driven Eddington-Sweettype circulation, caused jointly by both magnetic and centrifugal perturbations to the (ρ, T ) field. Explicit account is taken of the return flow, which requires transfield motion, as allowed by the finite resistivity. Although many of the illustrative computed models adopted purely poloidal fields, it was recognized that a realistic, stable model would require a mixed poloidal-toroidal structure.
To test the possible importance of rotation, introduce into the model of the current paper the velocity v ES of the Eddington-Sweet circulation, with the radial component proportional to P 2 (cos θ), where θ is the polar angle, computed by Sweet (1950) for a Cowling model star with uniform rotation . (The small differences expected for our model with an n = 3 polytropic envelope are not important for the present study.) At radius r, the downward velocity U ES on the equator is one-half of the upward velocity at the pole. Sweet's calculations show that U ES increases rapidly with r. At r = 0.7, close to the radius where the integrations for the torus upward motion cease to be valid, (65) By contrast, from Fig. 1 (bottom panel) , the torus has the nearly constant upward velocity v tor , which is found to be approximately proportional to the parameter , defined in (20) 
approximately. With M/M = 2 and R/R = 1.6, appropriate for a main-sequence star, ( / ) 2 ≥ 50( /10 −5 ); if R/R = 10, appropriate for the same mass in its contraction phase, then ( / ) 2 ≥ 0.2( /10 −5 ). These tentative figures strongly suggest that attempts to link up theoretical studies of magnetic star evolution with observation must indeed take account of the contribution of rotation, especially in connection with the earlier prediction of inexorable floating of the torus towards the surface, leading to its instability and ultimate destruction.
Zeeman-Doppler imaging codes are now used to reconstruct both element abundance and global field structure on Ap/Bp star surfaces. Application to the star 53 Cam (Kochukhov et al. 2004 ) yieldsnot surprisingly -a field which is not only non-axisymmetric but considerably more complex in detail than the multipole expansions used earlier. The authors point out a serious limitation of their technique -'there always exist areas on the stellar surface for which spectro-polarimetric data sets cannot provide reliable information about the magnetic field structure'. This shows up as a non-zero flux integral over the star's surface -section 7.2 of Kochukhov et al. (2004) . They also find evidence that the field above the surface has a component that is toroidal as generalized to apply to nonaxisymmetric fields (e.g. appendix III of Chandrasekhar 1961) . The qualitative and semiquantitative results from these ongoing studies will set more stringent tests for the theorist, in particular forcing the study of the physical constraints on any current flow into low conductivity regions near and above the surface, and so of the associated toroidal field.
